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ON SCHAUDER BASIS IN NORMED SPACES
VINICIUS COELHO, JOILSON RIBEIRO, AND LUCIANA SALGADO
Abstract. In this work, we prove the criterion of Banach-Grunblum and the principle
of selection of Bessaga-Pe lczyn´ski for normed spaces. Given these results, it can be shown
that in infinite dimension spaces (not necessarily complete) there is an infinite-dimension
subspaces with an essential Schauder basis.
1. Introduction and background
Given a normed space, we always try to question the existence of a basis. In space of
infinite dimension, there are the so-called algebraic basis (or Hamel basis). The important
question is that these basis are always non-enumerable, making it of little use for Functional
Analysis. However, there is another notion of basis with a much greater utility for this
branch of mathematics. Here we are talking about the Schauder basis, which has the
following definition:
Definition 1. A sequence (xn)
∞
n=1 in a normed space X is a Schauder basis for X if for
each x in X there is a unique sequence (an) of scalars such that x =
∞∑
i=1
anxn.
The uniqueness of the representation allows us to consider the linear operator for each
n in N:
x∗n : X → K, x
∗
n
(
∞∑
i=1
ajxj
)
= an,
this operators are called coefficient operators (or coordinates operator).
Being (xn)
∞
n=1 a Schauder basis in the normed space (X, ‖ · ‖), we can consider the
linear space LX = {(an)
∞
n=1 |
∞∑
i=1
anxn is convergent}. The function η : LX → R given by
η((an)
∞
n=1) := sup
{∥∥∥∥ n∑
i=1
aixi
∥∥∥∥ : n ∈ N} is a norm in LX .
Definition 2. Let X be a normed space and (xn)
∞
n=1 a Schauder basis in X . We say that
(xi)
∞
i=1 is an essential Schauder basis if TX : LX → X given by TX((an)
∞
n=1) =
∞∑
n=1
anxn is
an isomorphism.
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It is not difficult to show that in Banach spaces, every Schauder basis is an essential
Schauder basis. This identification is important because with it all space with Schauder
basis can be seen as a space of sequences.
In the original definition of Schauder, there was the requirement that coordinates func-
tional should be continuous. However, in 1932 Banach [2, pag 111] showed that in Banach
spaces this is always true. But, if the space is not complete, this is false (see [5, Exam-
ple 12.5].) On the other hand, when we assume essential Schauder basis, we recover this
important property, as the next result shows.
Theorem 1.1. Each coordinate functional associated with an essential Schauder basis
(xn)
∞
n=1 for a normed space is bounded.
Proof. Fix n ∈ N, and let x ∈ X , so we can write x =
∞∑
i=1
ajxj . We will show that
x∗n : X → K is continuous.
‖xn‖ · |x
∗
n(x)| = ‖xnx
∗
n(x)‖ = ‖
n∑
i=1
x∗i (x)xi −
n−1∑
i=1
x∗i (x)xi‖ ≤ ‖
n∑
i=1
x∗i (x)xi‖+ ‖
n−1∑
i=1
x∗i (x)xi‖
≤ 2η((aj)
∞
j=1) ≤ 2‖(TX)
−1‖.‖x‖.

Corollary 1.2. Let (xn)
∞
n=1 be an essential Schauder basis for the normed space X. Then,
for each n ∈ N, the linear operator
Pn : X → X, Pn
(
∞∑
i=1
ajxj
)
=
n∑
i=1
ajxj
is bounded.
Proof. Note that Pn(·) =
n∑
i=1
x∗i (·)xi, so by Theorem (1.1), Pn is bounded. 
In the proof of the next result, we will use some arguments from the proof of Corollary
4.1.17 of [13].
Theorem 1.3. Let (xn)
∞
n=1 be an essential Schauder basis of normed space X and (Pn)
∞
n
the canonical projections. Then sup
n
‖Pn‖ <∞.
Proof. For each x in X such that ‖x‖ ≤ 1, we have that
‖Pn(x)‖ = ‖
n∑
i=1
ajxj‖ ≤ sup
n
‖
n∑
i=1
ajxj‖ = η((aj)
∞
j=1) ≤ ‖(TX)
−1‖.‖x‖ ≤ ‖(TX)
−1‖.
So, ‖Pn‖ ≤ ‖(TX)
−1‖ for all n in N and sup
n
‖Pn‖ ≤ ‖(TX)
−1‖, we have done. 
The number K(xn)∞n=1 := sup
n
‖Pn‖ is called essential constant of basis (xn)
∞
n=1. Note that
‖Pn‖ ≥ 1 for all n, then K(xn)∞n=1 ≥ 1.
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2. Banach-Grunblum’s criterion for normed spaces
Another important concept is as follows: A sequence (xn)
∞
n=1 may not be a Schauder
basis for a normed space X because [xn : n ∈ N] does not reach all the space X . In this
case we say that:
Definition 3. A sequence (xn)
∞
n=1 in normed space X is a basic sequence if the sequence
(xn)n is a Schauder basis of [xn : n ∈ N].
In Banach spaces theory, we have the following practical and useful criterion for deciding
whether a given sequence is basic or not.
Theorem 2.1. (Banach-Grunblum’s Criterion) A sequence (xn)
∞
n=1 of non null vector in
a Banach space X is a basic sequence if, and only if, there exists M > 1 such that for all
sequence of scalar (an)
∞
n=1: ∥∥∥∥∥
m∑
i=1
aixi
∥∥∥∥∥ 6M
∥∥∥∥∥
n∑
i=1
aixi
∥∥∥∥∥ (2.1)
whenever n > m.
Proof. See e.g. [1, Proposition 1.1.9] or [4, Theorem 10.3.13]. 
One of the implications of the above theorem was proved by S. Banach in 1932 and the
other by M. Grunblum in 1941. We generalize this result for normed spaces.
Theorem 2.2. (Banach-Grunblum’s criterion for normed spaces) A sequence (xn)
∞
n=1 of
non null vector in normed space X is an essential basic sequence if, and only if, there exists
M > 1 such that for all sequence of scalar (an)
∞
n=1:∥∥∥∥∥
m∑
i=1
aixi
∥∥∥∥∥ 6M
∥∥∥∥∥
n∑
i=1
aixi
∥∥∥∥∥ (2.2)
whenever n > m.
Proof. Suppose that (xn)
∞
n=1 is an essential basic sequence. Consider the canonical projec-
tions (Pn)
∞
n=1 in Y = [xn : n ∈ N]. By Theorem (1.3), we know that
1 6 K(xn)∞n=1 = sup
n
‖Pn‖ <∞
Given a sequence of scalar (an)
∞
n=1, if n > m, then∥∥∥∥ m∑
i=1
aixi
∥∥∥∥ = ∥∥∥∥Pm( n∑
i=1
aixi)
∥∥∥∥ 6 ‖Pm‖. ∥∥∥∥ n∑
i=1
aixi
∥∥∥∥ 6 K(xn)∞n=1 ∥∥∥∥ n∑
i=1
aixi
∥∥∥∥ .
Reciprocally, suppose that (2.2) holds for M > 1. A straightforward calculation shows
that the set {xn : n ∈ N} is linearly independent.
Consider the subspace F = [xn : n ∈ N] and, for each n ∈ N, the linear functional given
by
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ϕn : F → K, ϕn
(
k∑
i=1
aixi
)
= an
and the linear operator
Tn : F → [xn : n ∈ N], Tn
(
k∑
i=1
aixi
)
=
n∑
i=1
aixi
defining ak+1 = · · · = an = 0 if necessary.
It is clear that ϕn is a bounded linear operator for all n.
By (2.2), we have that∥∥∥∥Tn( k∑
i=1
aixi)
∥∥∥∥ = ∥∥∥∥ n∑
i=1
aixi
∥∥∥∥ ≤ M ∥∥∥∥ k∑
i=1
aixi
∥∥∥∥.
and Tn is bounded with ‖Tn‖ ≤ M .
But K is a Banach space and F is dense in [xn : n ∈ N], so there exists a bounded linear
extension Φn : [xn : n ∈ N]→ K such that Φn|F = ϕn and ‖Φn‖ = ‖ϕn‖.
Let Ê be the completion of a normed space E = [xn : n ∈ N]. Consider linear bounded
operator Tn : F → [xn : n ∈ N], so we can write Tn : F → Ê bounded linear operator.
But Ê is a Banach space and F is dense in [xn : n ∈ N], so there exists a bounded linear
extension Rn : [xn : n ∈ N]→ Ê such that Rn|F = Tn and ‖Rn‖ = ‖Tn‖.
Note that Tn(z) =
n∑
i=1
aixi =
n∑
i=1
ϕi(z)xi for all z ∈ F , then
Rn(x) =
n∑
i=1
Φi(x)xi ∀x ∈ [xn : n ∈ N]. (2.3)
In fact, let x in E, so x = lim
k→∞
xk where xk ∈ F . But Rn is a bounded linear operator,
so
Rn(x) = lim
k→∞
Rn(xk) = lim
k→∞
n∑
i=1
ϕi(xk)xi = lim
k→∞
n∑
i=1
Φi(xk)xi =
n∑
i=1
Φi(x)xi.
We obtain that Rn(x) =
n∑
i=1
Φi(x)xi for all x in E = [xn : n ∈ N] and Ran(Rn) ⊆ F , we
may consider Rn : [xn : n ∈ N]→ F .
Given x ∈ [xn : n ∈ N] and ε > 0, take y =
m∑
j=1
ajxj ∈ F for some m > 0 such that
‖x− y‖ < ε. For n > m, we have
‖x− Rn(x)‖ 6 ‖x− y‖+ ‖Rn(y)− y‖+ ‖Rn(x)−Rn(y)‖
‖x−Rn(x)‖ 6 ‖x− y‖+ ‖y − y‖+ ‖Rn‖.‖x− y‖ ≤ (1 +M)ε
Then x = lim
n→∞
Rn(x). Using (2.3), we obtain
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x = lim
n→∞
Rn(x) = lim
n→∞
n∑
i=1
Φi(x)xi =
∞∑
i=1
Φi(x)xi
The uniqueness of the above representation is clear.
Given x ∈ [xn : n ∈ N] with x =
∞∑
i=1
aixi. By (2.2), we have that∥∥∥∥∥
n∑
i=1
aixi
∥∥∥∥∥ ≤M
∥∥∥∥∥
∞∑
i=1
aixi
∥∥∥∥∥ = M‖x‖ (2.4)
sup
n
∥∥∥∥∥
n∑
i=1
aixi
∥∥∥∥∥ ≤M
∥∥∥∥∥
∞∑
i=1
aixi
∥∥∥∥∥ =M‖x‖ (2.5)
and note that
‖x‖ = ‖
∞∑
i=1
aixi‖ = lim
n→∞
‖
n∑
i=1
aixi‖ ≤ sup
n
‖
n∑
i=1
aixi‖ (2.6)
Using (2.5) and (2.6), we obtain that TE : LE → E given by TE((an)
∞
n=1) =
∞∑
n=1
anxn is
a linear isomorphism. Then (xn)
∞
n=1 is an essential Schauder basis of [xn : n ∈ N], and we
have done. 
3. The Bessaga-Pe lczyn´ski selection principle for normed spaces
In 1932, Banach enunciated without demonstration in his classic book [2] that in every
Banach space of infinite dimension there is an infinite-dimension subspace with Schauder
basis. The proof of this result only appeared in the literature in 1958 in a celebrated
article by Bessaga and Pe lczyn´ski [3] (in that same year Bernard R. Gelbaum [10] also
presented another proof). The demonstration presented by Bessaga and Pe lczyn´ski is a
consequence of the main result of the work, which became known with the principle of
selection of Bessaga-Pe lczyn´ski. In this section we will show that the Bessaga-Pe lczyn´ski
principle remains valid in normed spaces. For this, it will be necessary to introduce the
concept of essential basic sequence.
Definition 4. A sequence (xn)
∞
n=1 in normed space X is an essential basic sequence if it
is an essential Schauder basis of [xn : n ∈ N].
When X is a Banach space, every basic sequence is an essential basic sequence.
Theorem 3.1. (Bessaga-Pe lczyn´ski for Normed spaces) Let X be a normed space, (xn)
∞
n=1
an essential basic sequence in X, and (x∗n)
∞
n=1 the functional coefficients. If (yn)
∞
n=1 is a
sequence in X such that
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∞∑
n=1
‖xn − yn‖.‖x
∗
n‖ =: λ < 1 (3.1)
then (yn)
∞
n=1 is a essential basic sequence in X equivalent to (xn)
∞
n=1.
Proof. Given a sequence (an)
∞
n=1 of scalars,∥∥∥∥ n∑
i=1
ai(xi − yi)
∥∥∥∥ =
∥∥∥∥∥ n∑i=1x∗i
(
n∑
j=1
ajxj
)
(xi − yi)
∥∥∥∥∥ 6 n∑i=1
∣∣∣∣∣x∗i
(
n∑
j=1
ajxj
)∣∣∣∣∣ .‖xi − yi‖
6
∥∥∥∥∥ n∑j=1 ajxj
∥∥∥∥∥
(
n∑
i=1
‖x∗i ‖ . ‖xi − yi‖
)
6 λ
∥∥∥∥ n∑
i=1
aixi
∥∥∥∥,
we obtain that∣∣∣∣∥∥∥∥ n∑
i=1
aixi
∥∥∥∥− ∥∥∥∥ n∑
i=1
aiyi
∥∥∥∥∣∣∣∣ 6 ∥∥∥∥ n∑
i=1
aixi −
n∑
i=1
aiyi
∥∥∥∥ 6 λ ∥∥∥∥ n∑
i=1
aixi
∥∥∥∥.
So
(1− λ)
∥∥∥∥∥
n∑
i=1
aixi
∥∥∥∥∥ 6
∥∥∥∥∥
n∑
i=1
aiyi
∥∥∥∥∥ 6 (1 + λ)
∥∥∥∥∥
n∑
i=1
aixi
∥∥∥∥∥ (3.2)
for all n in N. But (xn)
∞
n=1 is an essential basic sequence in X . By Banach-Grunblum’s
criterion for normed spaces, Theorem (2.2), there exists M > 1 such that if m > n then∥∥∥∥∥
n∑
i=1
aiyi
∥∥∥∥∥ 6 (1 + λ)
∥∥∥∥∥
n∑
i=1
aixi
∥∥∥∥∥ 6 (1 + λ)M
∥∥∥∥∥
m∑
i=1
aixi
∥∥∥∥∥ 6 (1 + λ)M(1− λ)
∥∥∥∥∥
m∑
i=1
aiyi
∥∥∥∥∥ . (3.3)
From Banach-Grunblum’s criterion for normed spaces, Theorem (2.2), (yn)
∞
n=1 is an
essential basic sequence in X .
Let F = [xn : n ∈ N] and Y = [yn : n ∈ N]. Consider T : [xn : n ∈ N] → Y the linear
operator given by T (
k∑
i=0
xiai) =
k∑
i=0
yiai for x =
k∑
i=0
xiai in F . Note that if x 6= 0, we have
that ‖T ( x
‖x‖
)‖ = ‖T (x)‖
‖x‖
=
‖
k∑
i=1
aiyi‖
‖
k∑
i=1
aixi‖
for x =
k∑
i=0
xiai in F , and by (3.2) we obtain that
‖T ( xn
‖xn‖
)‖ 6 (1 + λ)
So T : [xn : n ∈ N]→ Y is a bounded linear operator, let Ŷ be the completion of Y , we
obtain that T : [xn : n ∈ N] → Ŷ is a bounded linear operator. Using that [xn : n ∈ N] is
dense in [xn : n ∈ N] = F and Ŷ is a Banach space, there exists a bounded linear extension
T̂ : F → Ŷ such that T̂ |[xn:n∈N] = T and ‖T̂‖ = ‖T‖.
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Let x ∈ F , we have that x =
∞∑
i=1
aixi because (xn)
∞
n=1 is an essential basic sequence in
X .
T̂ (x) =
∞∑
i=1
aiT (xi) =
∞∑
i=1
aiyi ∈ [yn : n ∈ N] = Y .
Then Ran(T̂ ) ⊆ Y and
T̂ : F → Y (3.4)
is a linear bounded operator.
If the
∞∑
i=1
aixi is convergent, we have that
x =
∞∑
i=1
aixi = lim
n→∞
n∑
i=1
aixi ∈ [xn : n ∈ N] = F .
By (3.4), T̂ (x) =
∞∑
i=1
aiyi is convergent in Y .
Analogously, we can show that if the
∞∑
i=1
aiyi is convergent, then
∞∑
i=1
aixi is convergent. 
Theorem 3.2. (Bessaga-Pe lczyn´ski’s selection principle for normed spaces) Let (xn)
∞
n=1
be an essential Schauder basis in normed space X and (x∗n)
∞
n=1 the functional coefficients.
If (yn)
∞
n=1 is a sequence in X such that inf
n
‖yn‖ > 0 and
lim
n→∞
x∗i (yn) = 0 for all i ∈ N
then (yn)
∞
n=1 contains an essential basic subsequence equivalent to block basic sequence
relative to (xn)
∞
n=1.
Proof. Use the Theorem 3.1, and follow the proof given in Theorem 4.3.19 of [13] for Banach
spaces. 
In the proof of next result, we will use the arguments from the proof of Corollary 10.4.9
of [4].
Corollary 3.3. Let X be a normed space, (yn)
∞
n=1 is a sequence in X such that inf
n
‖yn‖ > 0
and yn → 0 weakly. Then (yn)
∞
n=1 contains an essential basic subsequence.
Proof. Consider the subspace [yn : n ∈ N] of X , that is separable. By Banach-Mazur’s
Theorem, [yn : n ∈ N] is isometrically isomorphic to a subspace of C[0, 1], so there exists
a linear isometry T : [yn : n ∈ N] → C[0, 1] such that [yn : n ∈ N] and T ([yn : n ∈ N])
are isometrically isomorphic. Observe that inf
n
‖T (yn)‖ = inf
n
‖yn‖ > 0. Let (xn)
∞
n=1 be
a Schauder basis of C[0, 1], and (x∗n)
∞
n be the coefficient operators. By boundedness of
operator T , since yn weak converges to 0, we obtain that T (yn) weak converges to 0. So
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lim
n→∞
x∗k(Tyn) = 0 for all k in N.
Bessaga-Pe lczyn´ski’s selection principle for normed spaces (Theorem 3.2), there exists an
essential basic subsequence (T (ynk))
∞
k=1 of (T (yn))
∞
n . Using that T
−1 : T ([yn : n ∈ N]) →
[yn : n ∈ N] is an isometric isomorphism, we have that (ynk)
∞
k=1 = (T
−1(T (ynk)))
∞
k=1 is a
essential basic sequence. This concludes the proof of Corollary 3.3. 
4. Applications
As has been mentioned earlier, Bessaga and Pe lczyn´ski’s demonstration that in every
Banach space of infinite dimension there is an infinite-dimensional subspace with Schauder
basis is a consequence of what is now known as the Bessaga-Pe lczyn´ski selection principle.
As we have obtained this result for normed spaces, it is possible to follow the same steps
and to show the same result, which tell by the way, is already a known result (see [6]). In
this manuscript, we observe that this demonstration can be done in an elementary way,
using only the Banach-Grunblum Criterion for normed spaces (Theorem 2.2).
Theorem 4.1. Every normed space contains a infinite-dimensional closed subspace with
Schauder basis in which the canonical projections (Pn)n are bounded operators. Moreover,
sup
n
‖Pn‖ < +∞.
Proof. We will use the same sequence (xn)
∞
n=1 obtained in the tradicional proof (see e.g.
[7, 8]). By Banach-Grunblum’s criterion for normed spaces, Theorem (2.2), we obtain that
(xn)
∞
n=1 is an essential basic sequence. In particular, (xn)
∞
n=1 is an essential Schauder basis.
Then by Theorem (1.3) the canonical projections (Pn)n are bounded and sup
n
Pn < +∞. 
5. Problems
It is known that all Banach space with Schauder basis is separable (see [13, Proposition
4.1.10]). Banach himself questioned about the reciprocal, that is, does every separable
Banach space have a Schauder basis? In [9], Enflo showed that this is false, exhibiting a
separable Banach space that has no Schauder basis.
Problem 1. (The basis problem for normed spaces) Let X be a normed space that it is
not a Banach space. Does every separable X have an essential Schauder basis?
Definition 5. Let X be a Banach space, and (xn)
∞
n=1 a Schauder basis in X . The basis
(xn)
∞
n=1 is an unconditional basis if, for each x in X , there exists a unique expansion of the
form
x =
∞∑
n=1
anxn
where the sum converges unconditionally.
Gowers and Maurey in [11] showed that there exists a Banach space that do not contain
unconditional basis.
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Definition 6. Let X be a normed space, and (xn)
∞
n=1 an essential Schauder basis in X .
The basis (xn)
∞
n=1 is an essential unconditional basis if, for each x in X , there exists a
unique expansion of the form
x =
∞∑
n=1
anxn
where the sum converges unconditionally.
Problem 2. (The unconditional basic sequence problem for normed spaces) Let X be a
normed space that it is not a Banach space. Does every X have an essential unconditional
basis?
References
[1] F. Albiac. N.J. Kalton. Topics in Banach Space Theory. Graduate Texts in Mathematics, 233. New
York: Spring-Verlag, 2006.
[2] S. Banach. The´orie des ope´rations line´aires. Monografie Matematyczne 1. Warsaw, 1932.
[3] C. Bessaga; A. Pe lczyn´ski. On bases and unconditional convergence of series in Banach spaces. Studia
Mathematica (1958). Volume: 17, Issue: 2, page 151-164.
[4] G. Botelho, D. Pellegrino, E. Teixeira. Fundamentos de analise funcional. Colecao textos universitarios.
Rio de Janeiro: SBM, 2015.
[5] Swartz, C. Elementary Functional Analysis. World Scientific. Singapore, 2010.
[6] M.M. Day. On the Basis Problem in Normed Spaces. Proceedings of the American Mathematical
Society. Vol. 13, No. 4 (Aug., 1962), pp. 655-658.
[7] M. Daws. Introduction to Bases in Banach Spaces, 2005.
https://www1.maths.leeds.ac.uk/ mdaws/pubs/bases.pdf
[8] J. Diestel. Sequences and Series in Banach Spaces. Graduate texts in mathematics; 92 New York:
Spring-Verlag, 1984.
[9] P. Enflo. A counterexample to the approximation problem in Banach spaces. Acta Mathematica. 130
(1): 309-317, 1973.
[10] B. R. Gelbaum. Notes on Banach spaces and bases. An. Acad. Bras. Cienc. 30 (1958), 29-36.
[11] W.T. Gowers, B. Maurey. The unconditional basic sequence problem. arXiv:math/9205204, 1992.
[12] C. W. McArthur. Developments in Schauder basis theory. Bull. Amer. Math. Soc. 78 (1972), 877-908.
[13] R.E. Megginson. An introduction do Banach space theory. Springer, 1998.
(V.C. & J.R. & L.S.) Federal University of Bahia, Instituto de Matema´tica, Av. Adhemar
de Barros, S/N , Ondina, 40170-110 - Salvador-BA-Brazil
E-mail address : vinicius.coelho@ufba.br & joilsonor@ufba.br & lsalgado@ufba.br
